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Energy lower bound of a many-fermion system
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Abstract. A more detailed consideration of a trial wavefunction antisymmetry makes it
possible to raise an energy lower bound of a many-fermion system. The method is
particularly effective for a small number of particles.

1. Introduction

A translation invariant system of N identical fermions with binary interaction v(r; — r;)
is considered. An improvement is proposed to the method by Carr and Post (1968,
1977) of calculating a lower bound & for the ground-state energy E,. In the quoted
paper E, was defined as a minimum of the functional (|H|¢), where

N W 8 N N
H=}Y (_ﬂ 5;34'5 U(pi)) = ';2 hi

i=2
is the model operator with eigenfunctions ¢, and eigenvalues e, :
H¢a = ea¢a’ ¢zx = det Pn (pi): hi‘Pn (P:) = en‘Pu (pi)’ = m(N - 1)/M

m is the mass of a particle, p; =r; —rq, and ¢ (p,, ps, . . . , pn) is the trial function which
must be antisymmetric in particles 1,2,..., N.

Carr and Post (1968, 1977) symmetrise ¢ in particles 2,3,..., N only, thus
enlarging the class of trial functions, and obtain in this way the lower bound for E,.

2. Improvement on the Carr and Post method

Any antisymmetric function is equal to zero when the coordinates of two particles
coincide. Hence, the function ¢/(p2, ps, . . ., px) should vanish when any of the relative
coordinates p; = r; — ry is zero and the spin coordinates of particles / and 1 are the same.
We use this property to improve the lower estimate for E,: antisymmetrising ¢ in
particles 2, 3, ..., N only, we also require it to vanish at p; = 0.

For simplicity we consider the case of spinless fermions. Now, the variational
problem is

& = min(y|H |y), Wl =1,
‘/l(sz ey Pie1y Pi =0ypi+1’ e 3PN)=0-
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Expanding ¢ over eigenfunctions of H,

df = 21 ch,,¢a,,(p2a ey PN),

we arrive at the system of equations for coefficients ¢,

< 2
€ =min Y, |c,,|’€a.,
1

n=

L leal=1, )
Z_:lCa,‘d’a,.(pb---,Pi=0,-»-,PN)=O- (2)

As an illustration, we shall consider the problem for a four-particle system in one
dimension with the oscillator interaction. A possible method of generalisation will
become apparent during the procedure.

Consider the first term in (2), putting { = 2:

¢o(0) ¢1(0) ¢2(0)
Po12(x2=0, x3, x4)=| @olx3) @1(x3) @2(x3)
eolxs) @1(xs) @2(x4)
e1(x3)  @alx3) @olx3)  @1(x3)
= 0 .
¢o(0) e1(xs)  @2(xa) + el )’wo(m) @1(x4)

Recall that odd Hermite polynomials become zero at x =0. The next term in (2) is

@3(x3)
3(xs)

1(x3)
@1(x4)

3

?013(0, X3, x4) = @o(0) l

and so on. The sum in (2) consists of all possible determinants of second rank. Asthese
are all linearly independent and the equality (2) holds for any x3, x4, the coefficients at
each determinant should be equal to zero. Thus, the condition (2) yields an infinite
system of linear homogeneous equations for ¢, which splits into independent subsys-
tems. Here are the first few subsystems (¢; means ¢;(0)):

Co12¢2F Co1a@a+ Cote@s+. .. =f01 =0
Co12¢0+ 41204+ Co1206+. . . =f21=0
Cota®o+ Car12@2+ Cat606+. . . =f41=0
{cospotcaz@atcazpa+t.. . =f13=0 (3)
€322t €344 T CozePe +. . . =fo3 =
Co32¢0 1 Ca32a+ Co32¢06+. . . =f23=0
Co3aPotCa322+ Caz6@et+ ... =fa3=0
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Now, the subsidiary conditions (1) and (3) are taken into account by introducing
Lagrange multipliers into the variation of &:

X
6(?5—/\ 21 |Canlz—y«01f01*#«21f21—- <= uasfia—wosfos—. . ) =0.
That gives
c _ po192+ (2190 con, = Ho1@a T Bargo Core = HO1P6 T+ K6100
o=, o=, 7, 016 = 3o
2(e012—A) 2(€014—A) 2(e016—~A)
c _M21Pa T Uar1¢2 c _H21@6 T Us192
=0, 612 = T S s
2(€412—A) 2(e612—A)
Cota = H13%0 Coin = H13¢2 Cain = MH13¢P4
3=, 23557 0, 3T,
2(e013—A) 2(e213—A) 2(ea13—A)

Substituting ¢, into (3) we obtain a system of linear homogeneous equations for u:

( 2 2 2
Ho1¢2 +M21<P0<P2+/~Lo1¢4 +/L41<Po<04+,u01¢5 +u61(00<06+ -0
€012~ A €014a—A €016 — A
2 2 2
M01<02<P0+#21(P0+M21¢4 +#41¢2‘P4+M—21‘P6 +M61<P2¢6+ -0
€012—A €412—A €612~ A ’
M13@0 | B13@) | H13¢4
170 L BBy e ... =0 (4)
€013~ A €213~ A €413—A

A nontrivial solution exists if the determinant of the system is zero. This yields an
equation for A. Since the system (4) as well as (3) consists of independent subsystems, its
determinant has a block-diagonal form and is equal to the product of determinants of
individual subsystems. Hence, a solution can be found by equating to zero each of those
determinants independently. For instance we obtain from the first subsystem

2 2 2
( P2 _ %4 @ +) _ @200
€012~ A €p1a—A  €pi6—A €210 A
2 2 2
P2 ( o , @4 | ¥ +...)...=0
€012— A €10~A €214~ A €216~ A
(5)
from the second
2 2 2
$o i P2 + P4 =0, (6)

€013~ A  €213—A  €413—A

and so on. Most of the determinants turn out to be of infinite rank. Their matrix
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elements decrease quite rapidly with increasing number of the row and column.
Therefore, A can be obtained within the desired accuracy by cutting off the deter-
minants.

The lower bound of energy we are looking for equals the minimal value of A. Itis not
known a priori whether either equations (5) or (6) or some other, have as a solution the
minimal A =A,. We know, however, that solutions to equation (5) are above €p13, to
equation (6) above €513, and for subsequent equations above €3, etc. Therefore, if Ao
found from (5) is smaller than eg;3, the problem is solved. If it is larger than eq;3, it
should be compared with the solution to equation (6). If both the solutions are larger
than €023, a subsequent equation is to be solved, and so on. Obviously, this procedure is
not infinite as we should not go above the exact energy value.

It can be seen that the method proposed for solving the variational problem is
extended, without change, to systems with N >4,

For N =< 10 we have calculated the ratios of the lower bound & to the exact value E,.
These are listed in table 1 where the ratios which can be obtained from Carr and Post
(1968, 1977) are also given for comparison;

1 N-1; N2
%/ Eo=—= (——) .
CTVN+1\WN-1
Table 1 also contains the results by Post (1956) and the ratios
V3N-1
8/ Eo=% NT1

from Hall (1967) obtained by another method. The comparison shows that our version
of the Carr and Post method provides better results for N <9 while for N =10 the
method of Hall works better.

The above concerns the one-dimensional harmonic oscillator. The generalisation to
the three-dimensional system of particles with spin interacting through arbitrary forces
is straightforward. The only note should be made that all equations, (5), (6), etc. include
the wavefunctions which are not equal to zero at zero point. The same will be true in the
general case, i.e. equations will contain only the s-state wavefunctions,

Table 1. Ratios of lower bounds to exact energies for the one-dimensional system of N
spinless fermions with the oscillator interaction.

N 2 3 4 5 6 7 8 9 10
This paper 1 0-70 0-71 0-69 0-71 0-70 071 0-70 0-70
%/E Carr and Post 0-33 0:43 0-49 0:53 0-55 0-57 0-59 0:60 061
0 Hall 0-29 0-43 0-52 0-58 0-62 0-65 0-67 0-69 071
Post 1 075 0:60 0-50 0-43 0:37 0-33 0:30 0-27
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